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Abstract: Precisequality control for hierarchicallighting simulationsis still a
hardproblem,duein partto thedifficulty of analysingthesourceof errorandtothe
closeinteractionsbetweendifferentcomponentsof thealgorithm.In thispaperwe
attemptto addressthis issueby examiningtwo of themostcentralcomponents
of thesealgorithms:visibility computationand the mesh. We first presentan
investigationtool in the form of a new hierarchicalalgorithm:this algorithmic
extensionencapsulatesexactvisibility informationwith respecto thelight source
in theformof thebackprojectiondatastructure,andallowstheuseof discontinuity
meshesin thesolutionhierarchy.Thistoolpermitsustostudyseparatelytheeffects





Hierarchicalsimulationtechniqueshavereceiveda lot of attentionin researchenvi-
ronments,but their practicaluseremainsimpairedby the difficulty of controlling the
speed/accuracytradeof on which theyarebased.Error controlandsolutionaccuracy
issueshavebeenstudiedto a certainextentfor global illumination algorithms[12, 1].
Thesestudiesprovideda usefulcategorizationof possibleerrorsources,andoffereda
generalframeworkfor error-drivenhierarchicalrefinement.Nonetheless,little hasbeen
donein termsof investigatingthe differentcausesof error in HierarchicalRadiosity
(HR) in particular, andvery little is currentlyknownaboutthequantitativeeffectson
errorof differentalgorithmicchoicesusedduringthelighting simulation.
In this paperwe attemptto addressthis problemby providing recommendations,
basedon theoreticaldiscussionand initial experimentalresults.We will concentrate
our efforts on meshingandvisibility computationstrategies.We beginby presenting
a non-exhaustivelist of importantalgorithmiccomponentsin HR andwe mentionthe
algorithmsthat havebeenproposedto improve theseaspectsof the simulation.For
mostof thesefactors,thepreciseimpactonimageor solutionquality, aswell aspossible
interactionsbetweenthem,hasnotbeenthoroughlystudied.
Important componentsof theHR simulation algorithm Broadlyspeaking,twomain
categoriesof factorsaffectingsimulationcanbe identified(following [1]): discretisa-
tion, concerningmainly issuesof meshconstructionanddatastructures,andcompu-
tation which involvestheaspectsof thealgorithmrelatedto form-factorandvisibility
computationaswell asrefinementstrategyandconvergence.
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Discretisation
Meshing strategy HR relieson the ability to evaluateinteractions(energy transfers)










Visibility calculation Many radiosity implementationsto dateusepoint samplingto
evaluatevisibility factors.Discontinuitymeshes,whenequippedwith the associated




of information.Possiblevariablesfor therefinementdecisionsareform factorestimates,
visibility status,estimateof form factorvariance,estimateof radiositytransfer, etc.
Point or Ar ea-basedform-factor computation As shownby the work of Wallace
etal. [20] for progressiverefinementradiosity, higher-qualitysolutionscanbeobtained
whencomputingradiositydirectly at meshvertices.Area-to-areaform factorsrequire
anextrapolation/interpolationstepwhich effectivelysmoothesout someof thedefects
in the solutionbut also“blurs" the computedsolution in wayswhich aredifficult to
quantify.
ConvergenceThe benefitsof HR really becomeapparentwhena global solution is
sought,i.e.with all interreflectioneffects.HR convergenceis anissuethathasreceived
limitedattentionandit is notknownwhethersomeof thechoicesmentionedabovehave
a significantimpactonconvergence.
2 PreviousWork
2.1 Discontinuity meshingand backprojections
Discontinuitymeshing([9, 12, 5]) hasbeenusedto a certainextentfor global illumi-
nationandHR calculations,but themeshesusedhavealwaysbeenpartial sincethey
do not captureEEE andother importantdiscontinuitysurfaces.A resultof this sim-
plification is that backprojections(definedin e.g.[3, 16, 18]) cannotbecomputedby
thesealgorithms.Backprojectionsaredatastructurespermittingefficientdetermination
of thevisiblepartof thesourceanywherein thepenumbra,thuseffectivelyeliminating
all visibility calculationerrorwith respecto thelight sources.Backprojectionscanonly
be computedtogetherwith the completediscontinuitymesh(i.e. including EEE and
degeneratevents),andthushaveneverbeenusedsofar in thecontextof HR.
2.2 Combination of HR and DM
Themostrelevantapproachto our work is thatof Lischinskiet al. [12]. In their work
a global solutionis computedusinga BSPtree.Whena nodeis split, an appropriate
discontinuityline is chosen.A localpassis subsequentlyusedfor display, duringwhich
analyticvisibility (mainlyfor primarysources)is computedusinganexpensivepolygon
clippingoperation(asin [10, 17]). Themaindifferencewith themethodwepresenthere
is the fact that exactvisibility wasnot takeninto accountduring the solutionprocess
andthusthedifferentfactors(visibility, meshing)affectingerrorcouldnotbeisolatedor
analysed.GatenbyandHewitt [5] alsodevelopedahierarchicalsolutionfor progressive
refinement,but little waspresentedin termsof solutionqualityevaluation.
2.3 Err or estimationand control
A detailedtheoreticalpresentationof error analysiswasdevelopedby Arvo et al [1].
Accordingto theirclassification,wewill bedealingwith discretisationerror (meshing)
andcomputationalerror (visibility calculations).Forbothtypesof error, little is known
in practiceor in quantitativeterms.Lischinskietal.[11] havealsodevelopedanapproach
basedon errorboundsfor HR. Theapproachwe presentherecouldbe integratedinto
a systemof this type,providing tighter upperandlower boundsin the mostdifficult
cases,thoseof partialvisibility.
3 Efficient combination of HR and backprojections
Thefirst stepto allow experimentalcomparisonsof theeffectof meshingandvisibility
calculationson thesolution,is theintroductionof anewalgorithmincorporatingback-
projections(i.e. exactvisibility calculations)andthe completediscontinuitymeshin
HR. Otherthanbackprojections,this newalgorithmconstructsa full hierarchyon the
inputsurfacesby clusteringtheelementsof thediscontinuitymesh.Thisallowstheuse
of quadtreesin unoccludedregionsasopposedto theuseof BSPtreeseverywhereasin
previouspartialDM solutions([12]), while usingirregulartrianglesin shadowregions.
3.1 Accurate visibility computation usingbackprojections
Given a three-dimensionalscenewe constructthe full discontinuitymesh(with EEE
and degenerateevents)which has the following property:eachcell or face of the
meshcontainsa datastructurecalleda backprojectionwhich fully describesthepartial
visibility of thesourceat eachpoint within themeshface[3, 16]. An exampleof such
a meshis shownin Fig. 1(a).
Theavailabilityof thebackprojectionsallowsustodetermineatalow costthevisible
part of the sourceandthusthe analyticalvalueof the differentialform-factor  	 ,
from any point 
 in the penumbrato the source . Becauseno visibility calculation
is needed,an accurateestimateof the form factor value is availablecheaplyduring
refinement.As we will seebelow, theexactvalueis alsousedto determineirradiance
valuesat verticeswithin themesh.
3.2 Mixed triangle-quadrilateral meshes
The discontinuity meshingapproachpresentedin [3, 4] constructsa mixed, non-
hierarchicalmeshcontainingtrianglesin penumbraand in irregular regionsof light,
andquadrilateralsin largeregionsof light. Thegoalhereis to createahierarchysuitable
for HR solutions,startingwith theDM.
To this end,quadtrees houldbeusedwherepossible(in particularin unnoccluded
regions)dueto theirsimplicityandeaseof use,while irregulartriangularmeshes hould
beusedaroundshadowboundaries.
The mixed meshstructureposescertainproblemsof connectivity, sinceinhomo-
geneousmeshelementsco-exist.In particular, neighbour-finding is handledby adding
simpleadjacencyinformationat theverticesof theoriginalmesh.Whenaquadrilateral
or a trianglearesubsequentlysubdivided,regularquadtreesor regulartrianglehierar-
chiesarecreated.An exampleof aninitial mesh(beforesubdivision)for our testscene
is shownin Figure1(b)(seenextsectionfor theconstructionalgorithm);thesamemesh
subdividedafter iterating is shownin Figure4(b). When searchingfor a neighbour
within aregularmesh(triangularor quadrilateral)implicit neighbourhoodrelationships
aremaintained,andwhencrossingasharededge,theneighbourhoodinformationstored
at thevertexis usedto find theappropriatequadtreeor trianglemesh.We climb up the
hierarchyuntil theparentmaintainingtheappropriateinformationis found.
3.3 Constructing a true hierarchy fr om the discontinuity mesh
Foreachreceivercontainingapenumbralorumbralzone,afterthediscontinuity meshing
andtriangulationsteps,we havea setof trianglescorrespondingto this partially lit or
occludedregion.To constructahierarchyweattachthesetrianglesatappropriatelevels
of astandardquadtree,suchthatin unoccludedregionsilluminationis representedwith
theregularquadtreestructure.
Fig.1. (a)Discontinuitymeshand(b) HR/DM meshfor a testscene
QuadtreeSubdivision We startby recursivelysubdividingthe receiverusinga stan-
dardquadtree.If a child of the quadtreecontainsno partially lit or occludedregion,
initial subdivision(i.e. the subdivisionperformedbeforeBF-refinement)terminates.
The unoccludedquadtreeleaf elementsarealso insertedinto a temporaryface-edge-
vertexdatastructuremesh. If on theotherhanda child containspartof thepenumbra
or umbra,subdivisioncontinuesuntil a predefinedmaximaldepthis reached.
Whennomoresubdivisionispossible,thepenumbral/litboundaryedgesareinserted
into mesh. Whenthisprocessis complete,mesh containsasetof facescorresponding
to the completelyunoccludedquadtreeleaves,and a (usually highly irregular) face
betweenthe leavesandthe penumbra/litboundary. This faceis triangulated,andthe
resultingtrianglesarethenaddedto thelist of penumbral/umbraltriangles.
Thefinal steprequires“clustering”of thesetriangles(bothoriginalpenumbratrian-
glesfrom DM aswell asthenewtrianglesin lit regions)frommesh sothattheycanbe
correctlyattachedto anappropriatelevelof thequadtree.
“Clustering” for Penumbral and boundary regions To performtheclusteringstep,
a 3D clusteringbottom-upconstruction([15]) is adaptedto 2D. A multi-level grid is
constructed,suchthat thesmallestgrid cell hasthesizeof a maximaldepthquadtree
leaf.Eachlevelof thegrid is visited,andtrianglesentirelycontainedin acell atagiven
levelof thegrid areattachedto thecorrespondingquadtreeinnernode(if it exists).The
trianglescontainedin agivencell atagivenlevelaregroupedto form aninternalnode.
This nodeis theninsertedat theappropriatelevel higherin themulti-level grid, if it is
containedin a cell at thatlevel.Thecontentsof thisgrid cell will in turnbeattachedto
theappropriatelevelof thequadtree.
In this mannerwe havea mixed hierarchywhich startsat the root as a normal
quadtree,andhaschildrenwhich mayberegularquadtreesubdivisions,or agglomera-
tions of trianglesor individual triangles(in the caseof elongatedtriangleswhich can
occurin thecontextof discontinuitymeshing).An exampleis shownin Figure1(b).
It mustbenotedthatdueto thebottom-upconstruction,wehavetheability to insert
the entireDM into thehierarchy(asis donehere).In manycasessimplificationshould
probablybeperformed,but thegeneralityof themethodpermitsmaximalflexibility.
4 Impact of algorithmic choiceson solution and imagequality
In this sectionwe revisit thedifferentalgorithmiccomponentsof HR mentionedin the
introduction,anddiscusstheir relevance.This discussionservesbothasa first attempt
to investigatetheinfluencethesefactorshaveon thesolutionaswell ason eachother,
andasmotivationfor theexperimentalapproachdevelopedin thefollowing section.
4.1 Meshingstrategy
Theuseof quadtreeshasmanyadvantages:thestructureissimpletohandleandmanipu-
late,it allowsimplicit neighbourfindingoperations,andprovideswell shapedelements
which is importantin the contextof any numericalapproximation([13]). Interpola-




Discontinuitymeshingprovidesan appropriatesolutionto the problemsof visual
representationof shadowboundaries.The problemswith suchmeshesare however
numerous.Other than the issuesrelatedto numericalaccuracyin construction[19],
thesemeshestend to contain far too many elements([4]), and they result in badly
formedtriangleswhichposeproblemsfor interpolation/extrapolationoperationsaswell
as being formally unadaptableto finite elementapproaches([13]). It is difficult to
determinea priori whentheuseof suchmeshesis advisablein thecontextof HR.
4.2 Visibility calculation
In traditionalHRapproaches,visibility is computedby ray-castingbetweentwopatches and  . A form-factordisc approximationis thenmultiplied by the fraction of rays
blocked,whichis usedasavisibility estimate.Thisapproximationinfluencestheform-
factor estimationas well as refinement,and hasrepercussionswhich aredifficult to
isolate.
Given the meshandbackprojections,two importantchangescanbe incorporated
into the treatmentof the direct illumination links: characterisationof links aspartial,
occludedor unoccluded(in thespirit of [19]) canbeperformedaccuratelyimmediately
after the discontinuitymeshingstepand the calculationof irradiancevaluesat the
verticesduringthesolutionis exact.Theestimateof area-to-areaform-factorscanalso
be significantlyimprovedsinceeachsampleof the kernelfunction is calculatedwith
theexactvisibleportionof thesource.
4.3 Dir ect Illumination at Verticesfor HR
In standardHR (using a piecewiseconstantapproximation),irradianceis "pushed"
down the hierarchyto the leaf nodes([6, 14]). This irradianceis then convertedto
radiositywhich is subsequentlyextrapolatedto theverticesof the leavesand"pulled"
up thehierarchy. If thebackprojectionsareavailable,wecancomputeexactirradiance
valuesdueto light sourcesat all verticesvery cheaply, sinceno visibility computation
is required(pointsareeither in a penumbral(or umbral)meshfaceor in light). It is
thusonly naturalto skip the "push"stepfor the light source,andsimply evaluatethe
exactirradianceat theverticesof themesh.Thesevaluesarethenaveraged,resulting
in a radiosityvalueassignedto the leaf, andthen"pulled" in the normalmannerup
thehierarchy. We notethatthisdirectshadingshouldonly beperformedat thevertices
originally in thediscontinuitymesh,or for verticeson hierarchyleaveswith a link to
thesource(in thecurrentimplementationit is performedatall vertices).
This approachhasa doubleadvantageof producingvisually accurateresults(see
Figure 5(iv) in Colour Section)while simultaneouslyproviding a highly accurate,




a link betweentwo surfaceelementsto berefinedif theirmutualform-factormultiplied
by thepoweron thelink is largerthana threshold[8]. Thephilosophyof thisapproach
is to reducetherespectivesizeof theelementson thetwo sidesof a link, thusreducing
visibility error sinceall interactionstendto be eitheroccludedor visible ([19]), and
reducing“integration error” of the areaform-factor integral sincethe kernel varies.
Anotherapproachinvolvesa “smoothness”criterion for the kernelusedin Wavelet-
basedHR ([7]).
Whenexactvisibility is available,neitherof thesecriteria is entirely satisfactory.
Sincewecancheaplydeterminethevisiblepartof thesource,wecouldapplya (point-
to-area)form-factor variation criterion (this is similar is spirit to the “smoothness”
criterion).Subdivisionwill bethusbetteradaptedto thevariationof irradianceon the
receiver, sincethesourcein neversubdivided.
4.5 Convergence
The issueof convergenceis rarely addressedin HR research.Following the original
definitionandstructureof the algorithm[8], we defineconvergenceasa sequenceof
iterationsinvolving a Refinestepfollowed by an (optional)loop of Gather-Push/Pull
operationsuntil theresultis no longermodified.Theiterationterminateswhenno new
links arecreated(“convergence”).
One of the issueswe wish to investigateis the effect of meshingstrategyand
visibility on therateof convergence.Intuitively it seemsthata goodrepresentationof
directilluminationandaccuratevisibility computationshouldimprovetheconvergence
rate.
5 Comparisonof somestrategiesand initial experimental results
Thenewalgorithmpresentedin Section3 providesanenvironmentthatallowsa first




subdivisionandray-castvisibility calculation(QT/RT), (ii) HR regularquadtreesub-
division andusingbackprojections(QT/BP),(iii) HR with full discontinuitymeshing
andray-castvisibility (DM/RT) andfinally (iv) HR with full discontinuitymeshingand
backprojections(DM/BP).
Comparing(i) and(ii) quantifiesthe effect of visibility error in form-factorcom-
putation,andtheresultingeffect on thesolution.Comparing(i) and(iii) demonstrates
the importanceof the useof the discontinuitymeshasa basisfor the subdivisionin
HR. Finally, thecombinedeffect of themeshandaccuratevisibility becomesevident
by comparingconfiguration(iv) to theothers.
Two testenvironments“Desk+Chair” (Fig. 1) and“Books” (Figure 5 in thecolour
section)with specificpointsof view havebeenchosen.Thescenesarelit by largelight
sourcesgiving rise to large regionsof penumbra(which favoursthe useof backpro-
jections).In addition,the“Books” scenecontainsmanyregionsof smallfine shadow,
for whichdiscontinuitymeshingis advantageous.Thereare133polygons(268distinct
edges)in “Desk+Chair” and241polygons(484distinctedges)in “Books”.
A referencesolutionis computedfor bothscenes,usinga standardquadtreesubdi-
videdveryfinely, andruntoconvergencewith averysmalltolerancevalue.Wecompute
an  erroron thepixel RGBvalues.
(a)QT/RT (b) QT/BP (c) DM/RT (d) DM/BP
Fig.2. “Desk+Chair” images
5.2 Quality evaluationand testsuites
Foreachrunwepresenthetotalcomputationtime  to convergence,thefinal number
of leavesat convergence andthe  imageerror  after convergencefor the given
tolerance.Wealsoreport(whereapplicable)DM constructiontime ((ii)-(iv)) triangle
clusteringtime  ((iii) and(iv)) andthenumber of leaf elementsafter themixed
hierarchyconstructionbut beforesubdivision((iii) and(iv)). All reportedtimingsare
onanSGIR4400Indigo2 at150Mhz.
For thetwo scenes,wehaveattemptedto maintainapproximatelythesamenumber
of elements,to provide a “fair ” comparison.This requiresthe judicious choice of
parametersBF- , minimum areasize and the visibility factor as definedin [8]. The
resultingimagesfor “Books” areshownin colour in Figure 5, while small versions
of “Desk+Chair” are shownin Figure 2. Meshesfor “Desks+Chair” are shownfor
illustrationin Fig. 4 for casesQT/BPandDM/BP. Thenumericalresultsaresummarised
in Table1.
Solution  (s) ! (s) " (s) #$% #!" &  (s) ! (s) " (s) #!! #$" &
(i) QT/RT 413.6 - - - 39116.7 838.1 - - - 87599.2
(ii) QT/BP 531.3 71.4 - - 36502.8 1076.6 394.5 - - 81684.2
(iii) DM/RT604.9 71.4 98.5336545026.0 1332.8 394.5 95.0592983208.2
(iv) DM/BP 310.1 71.4 98.5324439823.0 782.7 394.5 95.0577569693.7
Table1. Testresults:(left) “Desk+Chair” and(right) “Books”
5.3 Resultsof Experimental Study
Thetestresultspresentedaboveareby no meansdefinitiveor complete.Thenatureof
experimentalwork is suchthat it is difficult to cometo concreteconclusionsfrom a
setof giventests.Nonetheless,webelievethattheresultspresentedprovideinteresting
insightinto theproblemsrelatedto visibility andmeshingin thecontextof HR.
For both sceneswe seethat DM/BP providesthe mostcomputationallyefficient
solution,despitetheoverheadof meshcreationandhierarchyconstruction.Theimage
quality is alwaysbetter(Fig. 2, andColourFig. 5), andnumericallyaccuracyis either
betteror onaparwith all availablealternatives.In thecaseof fineshadowfeatures,the
discontinuitymeshis particularlyadvantageous.
Visibility Visibility accuracyis of predominantimportance.Solution (ii) QT/BP is
numericallythemostaccuratefor “Desk+Chair”, but DM/BP is visually superior(see
Fig. 2, 5). DM/BP is howevermore accuratenumerically for “Books”. The useof
backprojectionsenhancesnumericalandvisualqualitymorethantheuseof DM alone.
Thevisualqualityof QT/BPcanbeveryhigh,asis thecasefor “Desk+Chair”.
ConvergenceIn Fig. 3 we comparethe   imageerror at eachiterationfor the two
scenes.The accuracyof the visibility computationappearsto directly influencecon-
vergence.Solution(ii) hasthebestbehaviourfor “Desk+Chair”, but theDM is more
importantfor “Books”, for which theDM/BP solutionhasthelowesterror. In thecase
whereQT/BPis numericallybetter, thedifferenceis insignificant.
Meshing Discontinuitymeshingwithoutexactvisibility resultsin visualartifacts,and
is computationallyexpensive.This is particularlyevidentfor “Desk+Chair” (Fig. 2).
Previousalgorithmsavoidedthisproblemby using“final gather” typeapproaches[12]
Nonetheless,the irregular meshesproducedadd a high overheadin the global
solution,simply by theshearnumberof leaf elementsat theoutset(Table1) (a similar
observationwasmadeby Lischinskiet al. [12]). An obviousremedyis to investigate














































Fig.3. Convergencefor differentapproaches(a) “Desk+Chair” (b) “Books”
(a)QuadtreeHR + Backprojections (b) DM/HR + Backprojections
Fig.4. Testsuitemeshimages
6 Conclusions
Wehavepresentedafirstapproachto investigatingsourcesof errorduetovisibility com-
putationandmeshingstrategies.A list of importantfactorsaffectingHR computations
waspresentedanddiscussed.To facilitateexperimentalinvestigationwe introduceda
newhierarchicalradiosityalgorithmwhichincorporatesbackprojections(andthusexact
visibility with respecto thesource)anddiscontinuitymeshes.
This approachhaspermittedthecomparisonof standardquadtree-basedHR using
traditionalpoint-samplingfor visibility with thecasewherevisibility is calculatedwith
backprojections,HR discontinuitymeshwith point samplingandfinally HR disconti-
nuity meshingwith backprojections.
A numberof interestingobservationsweremadefromanexperimentalstudyrelating
thedifferenteffectsof theuseof analyticvisibility (backprojections)anddiscontinuity
meshesfor HR light transport.Overall,it wasobservedthatvisibility accuracyis much
moreimportantthanthe useof meshing.Nonetheless,DM with BPsaddsto overall
visualquality. Many moreexperimentaltestsarerequiredto confirmtheobservations
madehereaswell asto investigateotheraspectsof thesolutionprocess.
Numericaldifficulties and robustnessproblemsare inherentin all discontinuity
meshingapproaches.A comprehensivesolutionto this problemis beingpursuedfor
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